
1

A Computer Algebra System for Nonassociative Identities 1

D. Pokrass Jacobs, Sekhar V. Muddana, A. Je�erson O�utt

Department of Computer Science
Clemson University

Clemson, S.C. 29634-1906 USA

Introduction

In recent years there has been an emergence of general purpose computer algebra systems such
as Maple, Macsyma, Mathematica, and Reduce. These systems provide a wealth of facilities
for performing symbolic algebraic computation. Many are capable of computing a Gr�obner
bases of the ideal generated by a set of multivariate polynomials. Such systems work well at
manipulating polynomials in variables that commute and associate. The reader is referred to
Caviness [3] for more on these computer systems. To our knowledge, however, little work has
been done toward an interactive computer system speci�cally for performing nonassociative
algebraic computation. The purpose of this paper is to describe an initial attempt at building
a specialized, but useful, system for doing nonassociative algebra. We should remark that
the application of computers to nonassociative algebra is not new. An example of very early
work is by Kleinfeld [10], and two books [2, 12] contain many papers on such work. However
these computer solutions have usually been aimed at solving a unique problem with a very
particular solution. Most often, the resulting program could not be easily reused for other
similar problems. Our system is called Albert. In this paper we will describe its capabilities,
briey discuss its implementation, and then discuss some typical computations that Albert has
performed.

Albert

Albert is an interactive program to assist research in nonassociative rings and algebras. For
more background in this area we refer to texts [14, 16]. The main problem addressed by Albert
is the recognition of polynomial identities in varieties of nonassociative algebras. For example,
an interesting result of Mikheev [13] states that any right alternative algebra must satisfy the
identity

(x; x; y)4 = 0: (1)

Another interesting result, due to Kleinfeld, ([16], p 148) states that in any alternative algebra

([x; y]4; z; w) = 0: (2)

1This research was partially supported by NSF Grant #CCR8905534.



2

Figure 1: Entering identities and the problem type.

Knowing polynomial identities is interesting in its own right, but it often helps determine
the structure of algebras. For example, Mikheev's identity obviously implies that any right
alternative algebra is either alternative or has a nonzero nilpotent element.

Roughly, Albert works in the following way. Suppose we wish to study alternative
algebras. These are algebras de�ned by the two polynomial identities (yx)x � y(xx) and
(xx)y� x(xy), known respectively as the right and left alternative laws. In particular we wish
to know if, in the presence of the right and left alternative laws, the identity

(a; b; c) � [a; b] = 0 (3)

is valid. Following standard notation, the associator (a; b; c) denotes (ab)c � a(bc), the com-
mutator [a; b] denotes ab� ba, and the Jordan product x � y denotes xy+ yx. Of course, from
Zhevlakov et al [16, p 145], we know identity (3) holds in any alternative algebra. Nevertheless,
we bring up Albert and supply it with the left and right alternative laws, using the identity
command. This is shown in Figure 1. Text appearing after the --> prompt has been printed
by the user; all other text has been typed by the Albert system. Note that Albert always
expands the entered identity into a sum of monomials and prints it out. Next, we enter the
problem type. This refers to the number and degree of letters in the target polynomial. For
example in this problem, each term of the target polynomial has two a's, two b's, and one c,
and so the problem type is 2a2b1c. This is entered using the generators command, as shown.
It may be that over certain rings of scalars the polynomial is an identity, but over others it
is not an identity. Albert allows the user to supply the ring of scalars, but currently the user
must select a Galois �eld Zp where p is a prime � 251. This is done using the �eld command.
If no �eld is entered by the user, the default �eld Z251 is chosen.

In order to decide whether or not a given polynomial is an identity, Albert attempts to
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Figure 2: Building the algebra and checking identities.

construct a su�ciently large homomorphic image of the free algebra on the given set gener-
ators for the variety de�ned by the given identities. The user instructs Albert to begin this
construction using the build command. Before issuing this command, the user may wish to
check that the given identities and problem type are correct using the display command.
The construction may take anywhere from a few seconds to several hours, depending on the
problem as well as the computer used. Moreover, the construction may not succeed for lack
of enough computer memory. Once this construction has been completed, the user can then
query whether the polynomial (a; b; c)� [a; b] is an identity using the polynomial command. In
fact, the user can ask Albert about any homogeneous polynomial p(a,b,c) having at most two
a's, two b's and one c in each term. For example, the polynomials (a; b; (a; b; c)) + [b; a](a; b; c)
and ((a; b; c); a; b) + (a; b; c)[a; b] could be tested. The display, build, and polynomial
commands are illustrated in Figure 2.

A guiding design philosophy has been that the system should be simple and easy to use.
It should be straightforward for the user to change problems without having to exit from the
system. The remove command allows identities to be removed from the current list of de�ning
identities. In the above example, the user could enter the command

remove 1

to remove the �rst identity in order to begin investigating right alternative algebras. As a side
e�ect, this would destroy the multiplication table of the alternative algebra.

With Albert, polynomials and identities may be entered from the computer keyboard
using the familiar mathematical notation of parenthesized products, scalar multiplication, ad-
dition, subtraction, associators, commutators, and so on. The precise rules for expressing a
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Figure 3: Expanding a complex polynomial.

nonassociative polynomial are described by a context-free grammar [8]. Since the standard
keyboard does not have the symbol �, we use � to denote the Jordan product. We also permit
the user to type < x; y; z > to mean (x � y) � z�x � (y � z). The Jacobi, (xy)z+(yz)x+(zx)y,
is typed as J(x; y; z). The exponentiation operator is denoted " and is always interpreted as
left associated multiplication. Thus we could write x " 5 to mean (((xx)x)x)x. Left and right
multiplication by x are written as x` and x' respectively. All such operators are applied to
an argument on their left, and are placed between braces. Hence fxy`z'u'g denotes ((yx)z)u
and fxy`z'u'(w(ts))`g denotes (w(ts))((yx)z)u. These operators can be composed in arbitrarily
complex ways. Thus expressions such as

[w; ((x;ww; r); y; z)]

((((a; a; b); a; a); a; a); a; a)

[a; [a; (a; b; c) " 3]]

are permitted in Albert. The xpand command is similar to identity but is used merely to
see the expanded form of a polynomial without storing it as an identity. Figure 3 illustrates
this command applied to the last polynomial given above.

Albert de�nes an ordering on all association types of the same degree. Given an associ-
ation of degree n the command type can be used to determine the unique ordinal assigned to
the association type of a nonassociative word. For example, the command

type (((xx)(xx))x)(xx)

would cause Albert to respond with
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The association type of the word = 45.

This integer can then be used in a expression to form an arti�cial word. For example we could
type

Wf45; a : b : a : c : a : b : ag

to mean (((ab)(ac))a)(ba).

Albert requires all polynomials and de�ning identities to be homogeneous. This restric-
tion is usually not very severe, since any nonhomogeneous polynomial can be decomposed into
its homogeneous components. This replacement will not a�ect the results, given a su�ciently
high characteristic for the �eld [16, Theorem 3, p 7]. In particular, let f be a nonhomogeneous
identity for which the maximum degree of the variables is k. Then if the underlying �eld has at
least k elements, each homogeneous component of f will also be an identity. Albert internally
linearizes any de�ning identity that is not multilinear. Thus, if the user enters the identity
(xx)(xx)� ((xx)x)x, it is interpreted to mean:

X

�2S4

[(x�(1)x�(2))(x�(3)x�(4))� ((x�(1)x�(2))x�(3))x�(4)]

where S4 denotes the symmetric group on four letters. Again, given a su�ciently high charac-
teristic, this transformation will not change the results. In particular, let f be a homogeneous
polynomial of degree d and let f1 be a linearization of f . If the characteristic of the �eld is
0 or exceeds d then f is an identity if and only if f1 is an identity. Of course, the user of
Albert could �rst linearize the identity by hand, but this is discouraged. The reason is that if
it is entered unlinearized, Albert may be able to treat it more e�ciently by making use of the
identity's symmetry.

As a convenience, the user may give meaningful names to special polynomials or identities
that are used often or that are lengthy. These de�nitions are placed in a �le named .albert.
This �le, for example, might contain the following line:

malcev (xy)(xz) - ((xy)z)x - ((yz)x)x - ((zx)x)y

The de�nitions in the .albert �le are read by Albert at initialization. The user may later type

identity $malcev$

to enter the malcev identity rather than type

identity (xy)(xz) - ((xy)z)x - ((yz)x)x - ((zx)x)y .

Typically, Albert spends much of the time constructing a multiplication table. Once a
table has been constructed, Albert can quickly decide if a polynomial or group of polynomials
are identities. Since these tables represent much work, the user can store tables on disk for
later use. Later the user can resume work on a given group of problems by reloading the
relevant multiplication table and immediately begin the querying process, without having to
rebuild the table from scratch. 2 The main obstacle faced by Albert is insu�cient computer
memory. In cases where Albert is unable to complete the problem, it will leave a partially
constructed multiplication table that, hopefully, will still be of some use.

2At the time of writing, this feature has not yet been �nished.
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Implementation and Algorithm

Albert is written in C for a UNIX-based computer and is roughly 15,000 source lines. Approx-
imately half of the code supports the user interface where polynomials are parsed, expanded,
and transformed into an internal representation. The other half of the program is the subsys-
tem that constructs the multiplication table. Before executing the build command, the user
de�nes a set of identities, a set of generators with degrees, and a �eld. Let I be the set of
linearized forms for the identities entered by the user, and let X = a1; : : : ; at be the set of
generators entered, having degrees n1; : : : ; nt respectively. Next, let Zp be the �eld entered by
the user, or chosen by default. Now let F be the free algebra generated by X in the variety
of algebras over Zp de�ned by I. Let L be the ideal spanned by all words w such that for
some i the degree of ai in w exceeds ni. It is the nonassociative algebra F=L that Albert
constructs when the build command is invoked. The algebra is built inductively taking X
to be a basis for the subspace spanned by words of degree 1. Having determined a basis for
each subspace spanned by words of degree i < n, a basis for the degree n subspace is chosen
among the words of the form (w1)(w2) in which w1 and w2 are lower degree basis words and
deg(w1)+deg(w2) = n. In Figure 2 we see the current dimension of the algebra as it completes
each stage of the algorithm. The algorithm is described in detail by Hentzel and Jacobs [5].
Kleinfeld's construction by hand [11] served as a model for the method. After the algebra has
been built, the polynomial command may be used. This command merely causes Albert to
check if the polynomial expands to zero in the free algebra.

Testing

The results of several experiments are shown in Table 1. All times reect computations made
on a Sun SPARCstation1+, and are approximate. For a given set of generators and degrees,
these times represent how long it takes the system to execute the build command.

While testing the system, it was important to verify that its results agreed with those
already known. For example, the dimension shown for Jordan algebras in three letters agree
with the numbers reported by Smith and Wos [15]. In some varieties, a natural basis for the
free algebra is known. A theorem of Hall's [4] describes a basis for free Lie rings in terms of a
set of \standard monomials". The dimensions for Lie algebras, shown in Table 1, are precisely
the numbers predicted by Hall's theorem. Another test we employed was to make use of
Artin's theorem ([14], p 29) that states that any alternative algebra generated by two elements
is associative. Thus, the dimension obtained by a particular two-generator construction of an
alternative algebra should remain unchanged when the identities are replaced by the associative
law.

Hentzel and Jacobs used an early prototype of Albert to study the identities [x; y] and
(xx)(xx) � ((xx)x)x. By a result of A.A. Albert [1], this variety of algebras is power associa-
tive when the �eld has characteristic > 5. The results of this early experiment are reported
by Hentzel and Jacobs [7], and are consistent with those obtained with our present system.
Moreover, the dimensions reported agree with those shown in Table 1.
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identities �eld degrees dim. time

commutative,
power associative:
[x; y]
(xx)(xx)� ((xx)x)x 251 6a 2b 171 42 sec.

commutative,
power associative:
[x; y]
(xx)(xx)� ((xx)x)x 251 9a 1b 85 50 sec.

right alternative:
(x; y; y) 251 6a 2b 659 4 min.

(-1,1):
(y; x; x)
(x; y; z) + (y; z; x) + (z; x; y) 251 4a 2b 82 23 sec.

strongly (-1,1):
(y; x; x)
(x; y; z) + (y; z; x) + (z; x; y) 251 4a 2b 35 18 sec.
[[x; y]; z]

alternative:
(y; x; x)
(x; x; y) 251 2a 2b 1c 99 13 sec.

alternative:
(y; x; x)
(x; x; y) 251 2a 2b 2c 307 7 min.

Jordan:
[x; y]
(xx; y; x) 251 2a 2b 2c 150 21 sec.

Malcev:
xy + yx
J(x; y; xz) � J(x; y; z)x 251 3a 2b c d 307 5 min.

Lie:
xy + yx
J(x; y; z) 251 4a 4b 39 14 sec.

Lie:
xy + yx
J(x; y; z) 251 3a 2b c d 232 1 min.

assosymmetric:
(x; y; z) � (z; x; y)
(x; y; z) � (x; z; y) 251 2a 2b 2c 342 25 min.

Table 1: Various algebras built using Albert.
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Example

Finally, let us illustrate how Albert can be used as a research tool. It is known [9] that any
right alternative algebra over a �eld of characteristic 6= 2 satis�es the identity

(wx; y; z) + (w; x; [y; z]) � w(x; y; z) � (w; y; z)x = 0 (4)

For purposes of this paper let us call this identity the generalized right alternative law. Consider
the following:

Conjecture 1 Let A be an algebra satisfying the generalized right alternative law and having
no nonzero elements whose square is zero. Then A is alternative.

A step toward proving it would be to establish it over several �elds Zp. Henceforth, let A be
an algebra over the �eld Z251, and let us use u to denote (a; a; a). The following lemmas can
be established. Lemma 1 and Lemma 3 were established by Albert. Lemma 2 follows from
Lemma 1 by setting w = x = y = z = u in (4) and then expanding the associators.

Lemma 1 If A satis�es (4) then u2u = uu2 = 0.

Lemma 2 If A satis�es (4) then u2u2 = 0.

Lemma 3 If A satis�es (4) and (x; x; x) = 0 then (b; a; a)2 = 0.

We can now see how a proof of the conjecture might go. By Lemma 2 we must have u2u2 = 0
and so u = (a; a; a) = 0. We can apply Lemma 3 and obtain (b; a; a) = 0. Hence A is right
alternative. By Mikheev's identity (1) it follows that A is left alternative as well. The fact that
Albert has con�rmed the conjecture allows the researcher to con�dently search for a traditional
proof.

Finally Table 2 summarizes some other discoveries made by our system. We do not claim
all the results in Table 2 are new. In a private communication, Shestakov has remarked that
the identity

([a; b] � [a; c]; b; c) = 0

is not new for alternative rings. However, Hentzel remarks that this identity also being satis�ed
by (�1; 1) algebras seems interesting. The generalized left alternative law is the identity

([w; x]; y; z) + (w; x; yz) � y(w; x; z) � (w; x; y)z = 0 (5)

and is the counterpart to (4).

Conclusions and Further Directions

Like any other computer algebra system, our system is intended merely as a tool to aid the
mathematician. We envision that our system will be used in an informal way, a sort of exper-
imental \toy", in which intuition about nonassociative algebra can be gained that might help
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axioms �eld results

generalized right alternative law 251 (a; a; a)2(a; a; a) = 0
(a; a; a)(a; a; a)2 = 0
(b; (a; a; a); (a; a; a)) = 0
((a; a; a); b; (a; a; a)) = 0
((a; a; a); (a; a; a); b) = 0
[b; (a; a; a)2] 6= 0

generalized right alternative law 251 (b; a; a)2 = 0
(x,x,x) = 0

generalized right alternative law 251 (a; a; b)2 = 0
generalized left alternative law (b; a; a)2 = 0

(a; b; a)2 = 0
(a; b; c) � [a; b] = 0
(a; b; (a; b; c)) 6= [a; b](a; b; c)

alternative laws 251 ([a; b] � [a; c]; b; c) = 0

(-1,1) algebras 251 (a; a; b)2 = 0
(a; a; b)[a; b] = 0
[(a; a; b); b] = 0
([a; b] � [a; c]; b; c) = 0
[a; (a; b; c) � [a; b]] = 0
[a; b]([b; c][a; c]) 6= 0
(a; b; c) � [a; b] 6= 0
(a; b; (a; b; c)) 6= [a; b](a; b; c)

Strongly (-1,1) algebras 251 (a; a; b)(c; c; b) 6= 0
(a; b; c) � [a; b] 6= 0
[a; b]([b; c][a; c]) = 0

Table 2: Some results.
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lead to conjectures and hopefully theorems. In no way can the system replace the creativity
necessary to discover identities such as equations 1 and 2. In fact, these problems are beyond
the scope of Albert, given the speed and memory sizes of present computers.

The computations in Table 1 were performed done on a computer with 12 mb memory.
Albert can do useful work, however, with much less than this. As Table 1 demonstrates, the
system tends to do well when the number of generators is kept small, usually two or three. (For
example note that the dimension of the degree 8 Lie algebra with 4 a's and 4 b's is only 39, and
yet the degree 7 Lie algebra having 3 a's, 2 b's, 1 c, and 1 d is 232.) In three generators, total
degrees much above six are usually not practical unless identities such as commutativity or
anticommutativity are present that can \hold down" the dimension. The number of identities,
on the other hand, does not seem to hinder Albert's performance, and clearly by adding more
identities, the dimension of the resulting algebra can get no larger.

The problem of deciding if a polynomial is an identity appears to be inherently in-
tractable. Despite this apparent intractability, there are several directions that might incre-
mentally improve the usefulness of Albert. First, Albert spends much of its time and memory
reducing (sometimes large) matrices to row canonical form. These matrices tend to be sparse.
Hence it seems worth investigating how sparse matrix techniques could overcome the present
limitations of the system. Another improvement for Albert is to allow relations to be imposed
on the generators. This is sometimes helpful when seeking a counterexample, because added
relations can lower the dimension of the algebra. Still another important step would be to
enable Albert to emit a proof that a polynomial is or is not an identity. For example, if a
polynomial is an identity, Albert might print out a sequence of substitutions that show this
to be the case. On the other hand, when a polynomial is not an identity, Albert could deliver
either a counterexample such as the free algebra, or a characteristic function [6]. The Albert
system is now in its infancy. Experience by the research community will inuence how the sys-
tem should develop. In any case, we feel that a useful, general purpose nonassociative algebra
system is now possible.
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